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Abstract 



Given a symmetric Riemannian manifold (A/, g), we show some results 
of genericity for non degenerate sign changing solutions of singularly per- 
0^ , turbed nonlinear elliptic problems with respect to the parameters: the 

■ positive number e and the symmetric metric g. Using these results we 

. ' obtain a lower bound on the number of non degenerate solutions which 

change sign exactly once. 

Keywords: symmetric Riemannian manifolds, non degenerate sign 
changing solutions, singularly perturbed nonlinear elliptic problems 
AMS subject classification: 58G03, 58E30 

> ! 1 Introduction 

O i 

Let {M, g) be a smooth connected compact Riemannian manifold of finite di- 
mension n > 2 embedded in R w . Le us consider the problem 

\Q '. J -e 2 A g u + u = \u\ p - 2 u in M 

\ u e Hg (M) {l > 

Recently there have been some results on the influence of the topology (see 
[3, 12. 23J) and the geometry (see [71 of M on the number of positive 
solutions of problem ([T]). This problem has similar features with the Neumann 
problem on a flat domain, which has been largely studied in literature (see 

[S E UM on m M UM m ma EU ) • 

Concerning the sign changing solution the first result is contained in |15| 
where it is showed the existence of a solution with one positive peak and one 
negative peak when the scalar curvature of (M,g) is non constant. 

Moreover in [!J] the authors give a multiplicity result for solutions which 
change sign exactly once when the Riemannian manifold is symmetric with re- 
spect to an orthogonal involution r using the equivariant Ljusternik Schnirelmann 
category. 

In this paper we are interested in studying the non degeneracy of changing 
sign solutions when the Riemannian manifold (M, g) is symmetric. 
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We consider the problem 
' -e 2 A„ 



u = luf 
u(tx) = —u(x) Vx G M 

M. N — > M. N is an orthogonal linear transformation such that r 7^ 
Id (Id being the identity on R^). Here the compact connected 



u e HUM) 



(2) 



where r 
Id, r 2 = 

Riemannian manifold (M, g) of dimension n > 2 is a regular submanifold of 
M. N invariant with respect to r. Let M T = {x G M : tx = x}. In the case 
M T / we assume that M r is a regular submanifold of M. In the following 
H g = {u G Hg(M) : t*u — u} where the linear operator r* : H g — > H g is 

T*U = —u(t(x)). 

We obtain the following genericity results about the 11011 degeneracy of chang- 
ing sign solutions of with respect to the parameters: the positive number e, 
and the symmetric metric g (i.e. g(rx) — g{x)). 

Theorem 1. Given go G ^ , the set 



D = 



f (e,/i)e(0,l)x# p 



: any u G H go solution of 
u\ p ~ 2 u is not degenerate 



is a residual subset of (0,1) x 38 p . 

Remark 2. By the previous result we prove that, given go 6 ./# fc 
the set 

h G 38 p : any u G H T solution of 



and £q > 0, 



D* 



-e 2 A go+h u + u 



u is not degenerate 



is a residual subset of 38 p . 
In the following we set 



ml „ = inf 



■I 



where 



(u) = — 

e «/ M 



L(el\V g u\ 2 +u 2 ) 



-\u\ p 



K , 90 



= {uG H T Q (M) \ {0} : J' eom (u) [u] = 0} 



Theorem 3. Given go 6 ^# fe and £0 > 0. If there exists p > m T g go which is 
not a critical level of the functional JJ , then the set 



ft G 



any u G H.T h solution of 



e A gg+ i l u + u = \u\ p u with J T Q go (u) < p is not degenerate 



is an open dense subset of 38 p . 

Here the set 38 p is the ball centered at with radius p in the space 5? , 
where p is small enough and 5f k is the Banach space of all C k , k > 3, symmetric 
covariants 2-tensor h(x) on M such that h(x) — h(rx) for x G M. ^ C S^ k 
is the set of all C k Riemannian metrics g on M such that g(x) = g(rx). 

These results can be applied to obtain a lower bound for the number of non 
degenerate solutions of © which change sign exactly once when M is invariant 
with respect to the involution r = — Id and Q ^ M, We get the following 
propositions. 



2 



Proposition 4. Given go 6 ^( k , the set 

!(e, h) G (0,e) x && p : the equation — e 2 A go+ i l u + u = \u\ p ~ 2 u "1 
has at least P\(M/G) pairs of non degenerate solutions > 
(it, —u) € iiT \ {0} which change sign exactly once J 

is a residual subset of (0,1) x 8$ p . 

Proposition 5. Given go G awe? £o > 0, if there exists fi > m^ a ga not a 

critical value of J £o ,g * n ^g > then the set 

!h G SB p : the equation — ef ] A gQ+ } l 'UL + u = \u\ p ~ 2 u 
has at least P\(M/G) pairs of non degenerate solutions 
(u, —u) G Hg \ {0} which change sign exactly once 

is an open dense subset of 3§ p . 

Here P t (M/G) is the Poincare polynomial of the manifold M/G, where 
G = {Id, - Id}, and Pi (M/G) is when t = 1. By definition we have P t (M/G) = 
J2k d nn Hk{M /G) ■ t k where H^{M/G) is the fc-th homology group with coef- 
ficients in some field. 

The paper is organized as follows. In Section [5] we recall some preliminary 
results. In Section [3] we sketch the proof of the results of genericity (theorems Q] 
and [3]) using some technical lemmas proved in Section 0] In Section Owe prove 
propositions 0] and [5] 



2 Preliminaries 

Given a connected n dimensional C°° compact manifold M without boundary 
endowed with a Riemannian metric g, we define the functional spaces L p , L p , 
Hg and H^ g , for 2 < p < 2* and a given e G (0, 1). The inner products on L 2 g 
and Hg are, respectively 

(u,v)i,2 = / uvdfig {u,v) H i = / (VttVu + uv) dfig, 

9 JM 9 J M 

while the inner products on L 2 and H\ g are, respectively 

(u, = [ uvdfig (u, v) H i = i / (e 2 \7uVv + uv) d\i g . 

e J M £ JM 

Finally, the norms in L p g and L p g are 

\u\ p dng \\u\\ P LP = — / \u\ p dfi g . 

E ' 9 e JM 

We define also the space of symmetric L p and H 1 functions as 

L p ' T = {u G L p (M) : t*u = u} H T g = {u G H T g {M) : t*u = u} 

As defined in the introduction, 5^ k is the space of all C k symmetric co- 
variants 2-tensor h(x) on M such that h(x) — h(rx) for x G M. We define a 
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dxl 1 ■■■dxl 



norm || • ||fe in 5^ k in the following way. We fix a finite covering {V a } aeL of M 
where (V a , ip a ) is an open coordinate neighborhood. If h 6 S^ k , denoting hij 
the components of h with respect to local coordinates (x\, . . . ,x n ) on V a , we 
define 

\\ h \\ k = 12 su p 

a€L \/3\<k i,j=l 4>°>( V «) 

The set ^ k of all C k Riemannian metrics g on M such that g(x) = g{rx) is an 
open set of Sf k . 

Given go G ^ k a symmetric Riemannian metric on M , we notice that there 
exists p > (which does not depend on e if < e < 1) such that, if ft, £ 38 p the 
sets HI „ , u and Hi „ are the same and the two norms II • II H i and II • II m 

are equivalent. The same for L 2 e go+h and I? e gg . If h e 38 p and e G (0, 1) we set 



E h(u,v) = {u,v) H i^ +h ~iu,v e He )ff0+/t 

s,gQ-\-n 

JV(e, &)(«) = JV^ti) = IKII^P D+h Vn G Lf )flo+fc 

We introduce the map Al which will be used in the following section. 
Remark 6. If h G 38 p and < £ < 1, there exists a unique linear operator 

A{e,h) :=Al:U^{M)^Hl 

such that E £ h (A e h {u), v) = G e h {u, v) for all u G Lgj£, t> G ffJ go with 2 < p < 2*. 
Moreover Bg(A^(u),«) = for u,« G/f e T >90 . 

Also, we have that A £ h = i* gQ where i* ga is the adjoint of the compact 
embedding i^ go : #J ff0 (M) -> L£J o (M) with 2 < p < 2*. We recall that, if 
h G ^ p with p small enough and e > 0, then Hi go and H^ go+h (as well as go 
and L p e ga+h ) are the same as sets and the norms are equivalent. This is the 

reason why we can define A e h on E v g ^ T with values in H go . We summarize some 
technical results contained in lemmas 2.1, 2.2 and 2.3 of |14] , 

Lemma 7. Let go G ^# fc and p small enough. We have 

1. The map E : (0, 1) x 38 p -> £(iJJ o x FJ ,K) denned 6y £(e, fc.) := is 
o/ class C 1 and it holds, for u, v G i?J Q (M) and h 6 J^ fc 

E'(s ,ho)[e,h]{u,v) = / tr(g~ 1 h)uvdp g + [ (V g u,V g v) b(h) dp g 

Z£ J M £q J M 

fis f On — ^)^- f 
S+T / uwc ^9 K=T~ / ( V 3 U ' ^g v ) d Hg 



with the 2-tensor b(h) := ^tr(g 1 h)g — g 1 hg 1 

& T/ie map G : (0,1) x 38 p -)• £(Zj£ T , ffJJ denned 6y G(e,ft) := G| is o/ 
cZass C 1 and «i holds, for u, v G i?g (Af ) and ft G c5^ fc 

G'(e ,ho) [e,h] (u,v) = — [ tr(g _1 /i)uud/i g ^ / uwd^ s 

^ e ■/ M £q 
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3. The map A : (0, 1) X SB p -> C(HJ Ja x #J ,R) «s o/ class C 1 and for any 
u, v £ i?J (M) awe? /i £ ^ fc we have 

E'(e ,h ) [e,h] (A^(u),v)+Ell(A'(s ,h ) [e,h] («),«) = G'(e ,M [e,^] («,«) 

£ T/ie map TV : (0,1) x 38 p -> C°(i?J ,R) denned (e, ft) i-» iV|(-) is o/ 
cZass C 1 and «i holds, for u £ i/J o (M) and ft, £ ^ fc 

iV'( £o ,/io) M] («) = ^ / trig-'h^ufd^-^ f \ U fd^ g 

le O J M £q J M 

In all these formulas g = go + ho with ho £ £8 p . 

We recall two abstract results in transversality theory (see |20ll2Tll!Z2] ) which 
will be fundamental for our results. 

Theorem 8. Let X,Y,Z be three real Banach spaces and let U C X, V C Y 
be two open subsets. Let F be a C 1 map from V X U in to Z such that 

(i) For any y £ V, F(y, •) : x — > F(y, x) is a Fredholm map of index 0. 

(ii) is a regular value of F, that is F'(yo,xo) '■ Y x X — > Z is onto at any 
point (yo,xo) such that F(yo,xo) = 0. 

(Hi) The map iroi : i ? ~ 1 (0) — > Y is proper, where i is the canonical embedding 
form _F _1 (0) into Y x X and ir is the projection from Y x X onto Y 

Then the set 

8 = {y £ V : is a regular value of F(y, •)} 

is a dense open subset of V 

Theorem 9. If F satisfies (i) and (ii) and 

(iv) The map ir o i is a-proper, that is _F _1 (0) = UJf^C s where C s is a closed 
set and the restriction it o ii Cs is proper for any s 

then the set 8 is a residual subset of V 

3 Sketch of the proof of theorems Q] and El 

Given g £ ^# fc , we introduce the map F : (0, 1) x SS p x H go \ {0} -4 H go 
defined by 

F(e,h,u) = u- A%(\u\ p - 2 u). 

By the regularity of the map A (see 3 of Lemma [7]) we get the map F is of class 
C . We are going to apply transversality Theorem [5] to the map F, in order 
to prove Theorem [TJ In this case we have X = H T go , Y = R x y k , Z = H T go , 
U = H T go x {0} and V = (0, 1) X 38 p C R X ^ k . 

Assumptions (i) and (iv) are verified in Lemma [TU] and in Lemma [TT] Using 
Lemma [T^l we can verify (ii). 
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Indeed, we have to verify that for (eo,h ,u n ) 6 VxU such that F(eo, ho, uq) = 
and for any b G H go , there exists (e, ft, v) C <9 7k x H go such that 

F' u (e , ft , u ) [w] + F' eJl {£o, ho, u ) [e, ft] = &• 
We recall that the operator 

w ^ K( £ o, fto, w ) [v]=v-(p - lK a , go +h(\ u 'o\ p ~ lu o v ) 
is selfadjoint in HJ o go+ f lo and is a Fredholm operator of index 0. Then 
Im F^(so,h ,u ) ®kerFu(e Q ,ho,u Q ) = H T ga . 

Let {wi, . . . ,Wv} be a basis of ker F^(so,ho,uo)[v]. We consider the linear 
functional /jiRx ^ fe — > K defined by 

/i(£,/i) = (F^ h (eo,h ,u ) [e,h],Wi) HT i = \,...,v. 

By Lemma we get that the linear functionals /j are independent. Therefore 
assumption (ii) is verihed. At this point by transversality theorems we get that 
the set 

f (e, ft) G (0, 1) X 9§ p : any u G J \ {0} solution of 
| — e 2 A go+ / l u + it = |u| ?)_2 ii is not degenerate 

is a residual subset of (0,1) x 33 p . On the other hand we observe that is a 
non degenerate solution of — e 2 A go+ i l u + u = \u\ p ~ 2 u, for any e > and any 
h G Then, we complete the proof of Theorem [TJ 

The proof of Remark [5] is analog to the proof of Theorem Q] using Corollary 

\m 

We now formulate the problem for Theorem [31 Given go G ^ k and £o > 0, 
we assume that there exists // > m T eg go which is not a critical level for the 
functional J £o ,g - ^ is clear that any /io G (0,m^ o ) is not a critical value of 
J ea ,g a - We set 

9 = {u G H T go : < J So ,go(u) < M} • 
Now we introduce the C 1 map H : 33 p x stf — > _ffg Q defined by 

#(ft, u) = u - A e h ° {\u\ p - 2 u) = F(e , ft, u). (3) 

We are going to apply transversality theorem [9] to the map H . In this case 
X = H T ga , Y = y k , Z = H* (M), U = 9 C H T go and V = 33 p C 3* k . It is easy 
to verify assumptions (i) and (ii) for the map H using Lemma I1Q[ Lemma 1121 
and Corollary [T3"l Using Lemma RH1 we can verify assumption (iii) so we are in 
position to apply Theorem and to get the following statement: the set 

J ft 6 3§ p : any u G H gg solution of — e 2 /S. go+ hU + u = |u| p_2 u 
^ such that /io < Je ,go{ u ) < A* is not degenerate 

is an open dense subset of 33 p . Nevertheless is a non degenerate solution 
of — £QA go+ /jU + u = \u\ p ~ 2 u for any ft, and there is no solution u ^ with 
J £0jff0 (tt) < jUo, so we get the claim. 
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4 Technical lemmas 



In this section we show some lemmas in order to complete the proof of the 
results of genericity of non degenerate critical points. 

Lemma 10. For any (e, h) £ (0, 1) x 3B p the map u n- F(e, h, u) with u E H ga 
is a Fredholm map of index zero. 

Proof. By the definition of the map A, we have 

F'(e ,h ,u )[v] = v - (p - 1)A% [\u Q \P" 2 v] = v-Kv, 

where K(v) := (p - l)i* eo , go+ho [Wo^v]. We will verify that K : H^ go -> 
Hl o ga is compact. Thus K : H go — »■ 7? T Q is compact and the claim follows. In 
fact, in v n is bounded in Hg , v n is also bounded in H^ g ga+ho because ho € SS p . 
Then, up to subsequence, v n converges to v in L* Q gg+hg for 2 < t < 2*. So we 
have 

p-2 1 

||«o| p " 2 K - «)| P ' ^ < (Y Kl p ^ 9 ) P " (J \v n - v\ p dfi^ -y 0. 

Therefore i £ * 0!90+ , i0 [M P ~ 2 K - «)] in fl£, ifl0+ho and also in H^ >go . □ 

Lemma 11. The map ir o j : _F _1 (0) — >■ R x is a-proper. Here i is the 
canonical immersion from F _1 (0) into IxY'x i?^ and 7r is i/ie projection 
from Rx y k x m into R x J^ fe . 

yo 

Proof. Set 7 go (u, i?) the open ball in J centered in u with radius R. We have 
F _1 (0) = U+fJC, where 



C, 



s s 



(0). 



jf-f ' 

then. 



We had to prove that iroi : C s — > R x ^ fc is proper, that is if h n — > ho in 
E n -4 £ in [7, 1 - 7] , «n G {jfloC ! s ) x ^so (°) j)}> and ^( £ «' ft n , u «) = °> 
up to a subsequence, the sequence {«„} converges to uo £ |/ go (0, s) \ 7 ff0 (0, 7) | . 

Since {it n } is bounded in -ff go! then it is bounded in H go+flg , since the two spaces 
are equivalent because ho € Thus u n converges, up to subsequence, to mq in 

LP g +h and in L e , go +h for 2 < p < 2*, so \u n \P- 2 u n -> |u | p - 2 «o in £f Oifl0+fco 
and, by continuity of , 

c , 9 oWKrv) = ^° (Krv) AZ(\u Q r 2 u ) inHi o<go+h0 = Hi 0tgo . 

(4) 

By the reguarity of the map A we have, for some 9 € (0, 1) 

IKKKrV) - Ai° o (\ Un \p- 2 u n )\\ H1 < KHp 1 [| e „ - eo | + - Ml*] x 

x||A'(e + 0{e n - Eo ), /i Q + 0(/i„ - ^o))|| £((0 , 1)x ^ x(< ^ ^ 

(5) 

By © and © we get that A^ (\u n \P- 2 u n ) -> ^° (|u |p- 2 w ) in fl* ffo then in 
//J - Since 

= F(e n ,h n ,u n ) = u n - A^(|u„| p ~ 2 u„) 
we get the claim. □ 
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Lemma 12. For any (eo, ho, Uo) £ (0, 1) x^ p xff^\{0} such that F(eo, ho, uo) = 
0, it holds that, if w € keri^(£o» ho, Uq) and 

(F' h (eo,ho,u ){e,h],w) H i =0We eR, he^ k , 

then w = 0. 

Proof. Step 1. By the definition of F and Lemma [7] we get 

F' £ h {e a , h , uo) [s, h] = -A\e , h ) [e, h] (\u Q \ p - 2 u Q ) (6) 

and so 

(K,h( s o,ho,u ) [s,h],w) H i 

= -E% (A'(e , h ) [e, h] (Kl^o) , w) = 

= -G'(e , h a ) [e, h] (\u \ p ~ 2 u , w) + E'(e , ho) [e, h] (u , w) = 



„ , tr (9 h)\u \ p u wdng + -^pr / \u a \ p uowd^ig 

Z£ J M £q Jm 

tr(g- l h)uawdii g + -^2 [ (V g uo, V g w) bW dfi g 

ze JM £o •> M 

TIE f (tIs — - 2j£ f 

— 7[+T / u wdfig ^rj— / (V s Mo, Vgw)dn 9 . 

£ JM e J M 

Here we use that A e ^ (\uo\ p ~ 2 uo) — Uo- Moreover g = go + ho with ho € S$ P and 
b(h) := Itrig-^g-g^hg- 1 . 

If we choose e = 0, by the previous equation we get 

{ F Lh( £ 0,ho,u )[0,h],w) H i — — / tr{g~ l h) [u - \uo\ p ~ 2 u ] wdfi g - 

e .S0 + "0 2£q 7 m 



1 



-n-2 



M 



(V s Uo, V g w) b (h)d^ g (7) 



Step 2. We prove that, if (Fj , (e , V u ) [0, W , =0 V7i £ J^ fc , 

' = 0-90 + ' l 

then it holds 

(V fl uo(0, V<M£))&(h) = for all £ e Af. 
Given ^ g M, we consider the normal coordinates at £o and we set 

Uo(x) = uo(exp^ o x), w{x) — w(exp^ o x), for x G B(0, R) C K™. 

„. ... , du o (0)dw{0) du (0)dw(0) n . , 

We will prove that — 1 = 0. Analogously we can get 

oxi 0x2 0x2 ox\ 
du o {0) dw(0) + du {0) dw(0) _ Q 

dxi dxj dxj dxi 
If £0 7^ t^o, we assume that B g (^o,R) H B g (r^o,R) = 0- Then choosing 
/i G ^ fc vanishing outside B 9 ((o,l?)UB 9 (T(o,fl), by the fact that /i(ra;) = 
on M, by (|17p and by our assumption we have 

4r / tr (g~ lh ) [u - \u \ p ~ 2 u ] wd/J, g + / (V ff tto, Vgw) b ( h) dfig = 0. 

(8) 
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Using the normal coordinates at £o we choose h such that the matrix ,n 
has the form hi 2 (x) = h 2 i(x) G Cq°(B(0, R)) and h. l3 = otherwise. By © we 
have 

/ W „|V. M , ) {^ HW (g« + g») + „.)}«, 



9uo 9w 





'S(Q,i?) 

where 

o-(x) = -£q J] 

r, s = 1 , . . . , n 
(r,*)^(l,2) 
(r,«) 9^(2,1) 

^j!^(SI) + t fc -^]{ (10) 

Here 6 rs (z) = (g-^x^g-^x)) rs , where T 12 = T 21 = 0, r y = r,. 4 = for 
i, j = l,...,n, (i, j) ^ (1,2). Then 6 12 (0) = 621(0) = 1, &r S (0) = otherwise, so 
<r(0) = 0. By ([9]), at this point we have 

2, , . / duo , . dw , . 8uq , .dw.\ , . . „.„ 

(^(»)^(») + ^(«)^(») J + ^ e ^ ^' 

Then 

+ ^(0)|^(0) = 0. 

OTl 0^2 OX2 OXi 

If Co = T £,o, we consider the equality ([7]) when ft, G vanishes outside 
B g (£,o,R), recalling that /i(t(£)) = ^(£) f° r 6 G M. Arguing as in the pre- 
vious case, by ©we get that 

is antisymmetric with respect to f = exp^ 1 r exp^ o . Also, we have that 7 is 
symmetric with respect to f, so 7(0) = 0, and, since 612(0) = 1 and cr(0) = 0, 

we have again _!1(0) — (0 + _I1(0) — (0) = 0. 

OX 1 OX2 OX2 Ox 1 

du (0)<9w(0) „ p „ 
Now we prove that — = tor all 1 = 1, . . . , n. 

OXi OXi 

If Co 7^ t£o; arguing as in the previous case we get ©. This time we choose 
the matrix {hij(x)}ij such that h\\ G Cg (B(0, R)), h 2 2 = —h\\ and h%j = 
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otherwise. Because tr(g 1 h) = (g 11 — g 22 )hu, by ([5]), we get 







\g{x)\ l l 2 h 11 {x){[g u (x)-g 22 {x)] 



B(0,R) 

dua dw 



ol^9 J {x) — —+u a w~\u \ p u w 



axi axn 

ij 



(11) 



fc=l 



Then, recalling that ?^(0)^-(0) + ^(0)-^(0) = and that 5 «(0) = Lwe 
axi <9x 2 0x2 ax\ 

have 



<9u (0) dw(0) r i 2 / n ^ 2 < 22/^\ 2 l du o (0) dw(0) 



(g n (o)Y - («Ao)rj ^ ^+ (. 9 -(o))^ - (, 9 22 (o))' 



<9x 2 9x 2 



= 0. 



n <9u (0) 5u)(0) dtt (0) du>(0) , , , 9tt (0) 5ui(0) <9u (0) dw(0) 
So — = — and, analogously, 



dx\ dx\ dx2 8x2 ' dx\ dx\ dxi dx 

get 



s , du o (0)dw(0) du o (0)dw(0) 
lor all i. At this point, since — 1 = tor all i j we 

axi oxj oxj oxi 



^)« = 0foraU i = l ) ...,n. 

OXi OXi 

If £o = T £o, since h is symmetric with respect to r, by (TTTj) we get that 

-,S[/W 2 (*)-p'WM] + 



n 

^oE[(3 U '(-)) 2 -(5 2fe W) ; 



fc=i 



9a;i 9x2 9x 2 9xi 

9iio dw 
dx k dx k 



is antisymmetric with respect to r = exp^ 1 r exp^ o . Concluding 

o = 7( o) = ( . 9 "(o)) 2 - (. 9 22 (o)) 2 

At this point, arguing as above we have that 
<9u (0) <9w(0) 



and the Step 2 is proved. 

Step 3. Conclusion of the proof. 



= for all i = 1, • • • , n. 
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By Step 2, we have that, for any h £ 5f k 



= (K,h( e o, ho, u Q ) [0, h] , w) H i g m+ha — -^-^ j tr(g l h)u Q (l - \u Q \ p 2 ) wdp g . 

(12) 

Here g = go + ho- Moreover it holds 

-eoA g w + w = (p- l)\u \ p ~ 2 w w£B T g (13) 

We choose h(£) = a(£)g(£) for any a £ C°°(M) with a(rf) = a(£), so, by ([II]), 
the function uq (l — |uq| p_2 ) w is antisymmetric with respect to the involution 
t. Furthermore uo (l — |ito| p ~ 2 ) w is also symmetric, so 

«o(l- \uo\ p - 2 )w = 0. (14) 

By contradiction we assume that to does not vanish indentically in M. Since 
uq £ Hg \ {0} we can split 

M = M° UM'U tM 1 U M+ U tM + 



where M° = {a; £ M : u (x) = 0}, M 1 = {x £ M : u (x) = 1}, and M + = 
{x £ M : uq(x) > 0, uq(x) ^ 1}. By (| 14[) we have that w = on the open 
subset M + U tM + . Also, we notice that Mq and Mi are disjoint sets because 
Uo is a continuous funcion. By this, and by (|13[) . we have that —eoA g w + u> = 
on Afo and id = on 8Mq. By the maximum principle, we conclude that w — 
on Mo. So we have that, by 1)130. -£oA s w + w = (p — l)w on the whole M. 
On the other hand, by [T], we have that p 9 ({a; S M : u>(a;) = 0}) = 0. A 
contradiction arises and that concludes the proof □ 

With the same argument we can prove the following corollary. 

Corollary 13. Given Eo, for any (ho, uq) £ 3§ p xHg n \{0} such that F(eo, ho, uq) = 
0, if w £ ker F^(eo, ho, uo) and 

(F' h {e ,ho,uo)[h],w) H i =0Vh£J? k , 

then w = 0. 

Lemma 14. Given go £ ~d( k and Eq, if there exists a number p > m eo _ go 
not a critical level of the functional J eo , go , then, for p small enough, the map 
ir o i : G -1 (0) — > 5? is proper. Here G is defined in i is the canonical 
embedding from G _1 (0) into x Hg and ir is the projection from 5f k x iJJ o 
mto.y k . 

Proof. Let {m„} C where 

9> = {u £ H T go : po < Js , go (u) < A*} » 

and po is an arbitrary number in (Q,m T e ). It is sufficient to prove that if 
u n satifisfies -£§A 9 „ + f, n « n + u n = \u n \ p u n with h n — > ho £ 38 p , then the 
sequence {u n } has a subsequence convergent in @. First we show that {u n } is 
bounded in iZJ Q . Since the sets Hg g+h (M) and Hg Q (M) are the same in h £ 38 p 



11 



and the norms || • II H i and || • II H i are equivalent with equivalence constants 

3Q + h ao + h 

c\ and C2 not depending on h, we have 

ci||u||j?i < IMIffi <c 2 |jw|| ff i 
By this, and because u n € Ml „ +h we have 



1 1 

2 ~P 



- - ~ I cl\\u n \\ 2 H1 

E 0.90 



1 1 



< I - 2 ~- I IK 



2 I I'M Iff 1 



J, 



O'fO + ^fi 

1„ 



,(""") 



< + cp 



Q,90 + h n p <s ,g +h 
J 

■' I ' -.0.90 

2 



< J £o , go (u„) +c||/i„|| fc ||u„||m _ +\\u n \\ p Ll 



IKIIffi + IKII ^ 



'Ml -90 



^0.90 



Moreover, since /io < J eo ,g { u n) < ^ we get 



1 1 



by (fTS"]) and (fTS)l . if Hunllff 1 — » +oo we get 



< M 



< 

(15) 
(16) 



5 ~ ~ ) ll"'"!!;/' : ' /' - r f'\ "•• 7/ ! 



cp, 



then, choosing p small enough, we get the contradiction. 

Since the sequence {u n } is bounded in iJJ o and Hg o+ho , up to a subsequence 

u n ^um L*' o T +fto (Af) and L*' T (M) for 2 < t < 2*. Then 

SorfD+fca (KrV) = AH (Wn\ p - 2 u n ) H- A£ (M^) in flj 0ifl0+fco (17) 
Since the map A is of class C 1 (see Lemma [7]) we have, for some G (0, 1) 



IK°„ (I 



4£ (I 



U„| P 2 M n ) ||ffi 



= ||A'(e , + 0{h n - h )) [0, h n - h ] {\u n \P- 2 u n ) \\ Hio 
< IIKM^ \\h n -ho\\ k \\A'(e ,ho + e(h n -ho))\ 



(18) 

£(^ p ,£(<- ,ffJ o>go )) 



By (H71) and we get A£ (\u n \P- 2 u n ) -> 2 u) in fl^. 

Since = u„ — A^j (|wn| p ~ 2 Un) we get that ti„ converges to u in ifj . 
Moreover u — A e ^ o (\u\ p ~ 2 u) = 0. Since po and p are not critical values for 
J £0)9o («), we have that po < J So , go (u) < p. Then »ei □ 



5 An application 

In this section we choose t = — Id and the manifold M invariant with respect to 
the involution r = — Id. We also assume ^ M, so M T = 0. Using the previous 
results of genericity for non degenerate sign changing solutions of problem ^ we 
obtain a lower bound on the number of non degenerate solutions which change 
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sign exactly once. This estimate is formulated also in [17 . In the cited paper 
this result is proved under an assumption on non degeneracy of critical points 
that we do not need. 

We sketch the proof of propositions H] and [5] showing how we use the results 
of genericity for non degeneracy of critical points to obtain the same estimate. 

We recall that there exists a unique positive spherically symmetric function 
U e H 1 (M. n ) such that \begin -AU + U = UP- 1 in K™. Also, it is well known 
that for any e > 0, U e (x) := U (§) is a solution of -e 2 AU s + U e = [/f" 1 in E™. 

Let go be in and h be in 3B P for some p > 0. Let us define a smooth cut 
off real function xr such that xn{t) = 1 if < i < R/2, Xn(t) = i£ t > R and 
\x'(t)\ < 2/R. Fixed q G M and e > we define on M the function 

W g M = / C / e(cxp^ 1 (^))Xfl(l ex P^ 1 (a ; )l) if x G B g (q,R) 
i< eK ' \ otherwise 

where B g (q,R) is the geodesic ball of radius R centered at q. We choose R 
smaller than the injectivity radius of M and such that B g (q, R)nB g (—q, R) = 0. 
Here and in the following we set g = go + h. 
We can define a map $ ei£) : M — » A/^ s as 

= * (W» e ) W» B - * (Wf B , e ) WE 



-q,e 

Here 



p-2 _ [Ml^jWj^+Wl^d^ 



J \Wle\ p dp g 

thus t (W$ E ) W% e G A/" e ,g and we have 4> £jff (q) = — $ £ , 9 (— Now we can define 

$ £)9 : M/G -> 7Vj; g /Z 2 

$ £)9 M = = {3 8 , 9 (?),* S)ff (-g)} 

where 

M/G = {[q] = (q, —q) : q G M} JV^/Za - {(«, -«) : u G ACJ . 

We set J £:9 [u] = J e , g (u). Obviously, J £i9 : Nl^/7L 2 -> M. 

Lemma 15. For any <5 > f/iere exists e 2 = such that, if e < e 2 then 

Moreover we have that 

lim m T e go _|_/j = 2UIOO uniformly on h G 

For a proof of this result we refer to [3] . 
For any function u G J\fJ go+h we define 



&(«) 



A/ 



x(u + ) p dfj,g 



I (u + ) P dfJ,g 

Jm 
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where g = go + h. Also, we define 

h ■■ (K ao+h /z 2 ) n J^X h +S) ->• Md/G 

P g ([u]) := [4(«)] ={/8»(«),^(-«)} = {^(«).-^(«)} 
where M d = {u e M : d(x, M ) < d}. 

Lemma 16. There exists 8 such that V5 < 8 there exists e = e(S) and for any 
e < i the map 

% o $ £ , g : M/G *^ (AC; go+/l /Z 2 ) n J*£+*> ^ M d /G 
is continuous and homotopic to identity, for all g = go + h with h £ . 
For a proof of this result we refer to [3] . 

Let us sketch the proof of Proposition |U We are going to find an estimate 
on the number of pairs non degenerate critical points (it, —u) for the functional 
J £i g : Hg — > M with energy close to 2m 00 with respect to the parameters (e, h) € 
(0, e) x SS P for e, p small enough. 

We recall that, by Theorem [TJ given the positive numbers i,p, the set 

„ ,„ > _ f (e, h) € (0, e) x SB p : any u 6 H ga solution of 1 
1 — e 2 A go+ / l M + u = |m| p_2 m is not degenerate J 

is a residual subset in (0, e) x Since 

given 8 S (0, ^j 2 -), for (e, /"i) small enough we have 

< 2(tooo - 8) < ml go+h < 2(77100 +8) < 3moo, 

thus 2(77100 — 8) is not a critical value of J eg on H g . At this point we take 
(e,/i) £ D(i,p) with e, p small enough. Thus the critical points of J £jS such 
that J Ej g < 3moo are in a finite number by Theorem [1] and then we can assume 
that 2 (moo + 8) is not a critical value of J £ ,g- 

Let Ml flii be the set obtained by identifying antipodal points of the Nehari 
manifold AfJ . It is easy to check that the set is homeomorphic to the 

projective space P°° = obtained by identifying antipodal points in E, S 

being the unit sphere in H g . We are looking for pairs of nontrivial critical points 
(u, —u) of the functional J e : H g — > M, that is searching for critical points of 
the functional 

J £ , 9 : (H T g \ {0}) /Za M; 

We use the same Morse theory argument as in [J. The following result can be 
found in Q2_ and Lemma 5.2 of [3]) 



P 



j*Cj"--*)) = t p t (j £ 2 ( g m -+ 5 ) n (AC/Z 2 )) • (19) 
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By Lemma [TS] and Lemma [TH] we have that j3 g o <& e g : M/G — > Md/G is a 
map homotopic to the identity of M/G and that Md/G is homotopic to M/G. 
Therefore we have 

Pt (J^™°° +S) n (Kfaj) = Pt(M/G) + Z(t) (20) 

were Z(t) is a polynomial with non negative coefficients. Since the functional 
J £t g satisfies the Palais Smale condition by the compactness of M, and the 
critical points of J 6y3 in J^™=° are non degenerate (because (e,h) S D(e,p)), by 
Morse Theory and relations (jTSJ) and (|20[) we get at least Pi (M/G) pairs (it, —it) 
of non trivial solutions of —e 2 A g u + u = \u\ p ~ 2 u with J E} g(u) = J Sig (—u) < 
3tooo. So, these solutions change sign exactly once. That concludes the proof 
of Proposition 21 

Remark 17. In the same way we obtain that, given go £ ^ k and Eq > 0, the 
set 

{h £ 3%p : the equation — e^A go+ hU + u = \u\ p ~ 2 u 
has at least P\(M/G) pairs of non degenerate solutions 
(u, —u) G H g s {0} which change sign exactly once 

is a residual subset of 33 p . 

The proof of Proposition [S] can be obtained with similar arguments. 
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